We shall show that for any closed surface F 2 except the sphere, there is a triangulation on the sphere which can be embedded on F 2 as a quadrangulation, and characterize those 5-connected triangulations on the sphere that quadrangulate other closed surfaces, discussing double 4-cycle covers of triangulations.
In this paper, we discuss the existence of triangulations on the sphere which can be embedded on other closed surfaces as quadrangulations. Euler's formula will restrict the number of vertices and of edges. Furthermore, any embedding of a planar graph on any closed surface different from the sphere is not 3-representative. (See [18] for details.) These restrictions will obstruct most of the triangulations on the sphere from being quadrangulations on other closed surfaces. However, we shall prove the following theorem, showing some methods to construct examples: Theorem 1. Given a closed surface F 2 , there is a triangulation on the sphere which can be embedded on F 2 as a quadrangulation.
For example, the octahedron can be embedded on the torus as a 4-regular quadrangulation while the tetrahedron quadrangulates the projective plane with three faces.
One might wonder if a cycle of length 4 bounding a face in a quadrangulation forms a 4-cut of the corresponding triangulation on the sphere. Actually, our constructions in Section 1 produce triangulations with such cycles of length 4. That is, they are not 5-connected. So we shall focus on the existence of 5-connected triangulations on the sphere which quadrangulate other closed surfaces and prove the following theorem, using a special theory on cycle double covers developed in Section 2:
Theorem 2. No 5-connected triangulation on the sphere quadrangulates an orientable closed surface.
On the other hand, there are 5-connected triangulations on the sphere that quadrangulate nonorientable closed surfaces. We shall give a constructive characterization of such triangulations in Section 3. For example, the icosahedron, which is the smallest 5-connected triangulation on the sphere, cannot be embedded on any closed surface as a quadrangulation.
In fact, this study was motivated by analysis of triangulations themselves. Consider the subgraph induced by the vertices of degree at most 4 in a triangulation on a closed surface. Each of its components is a path or a triangle enclosed in a cycle of length 3 or 4 in most of the cases (see [4] ). Because of such simple structure, one might expect that the subgraph G (5) induced by the vertices of degree at least 5 has the same genus as the entire triangulation G. This is, however, denied by Theorem 1. Take a quadrangulation on a given closed surface which triangulates the sphere and add a vertex of degree 4 to each of its faces to triangulate the surface. Then G (5) has genus 0 for the resulting triangulation G. More generally, we shall establish the following theorems as applications of our constructions in Section 1: (5) has genus (or nonorientable genus) g as a graph. 
Theorem 3. Given a pair of integers g and g with 0 ≤ g ≤ g, there is a triangulation G on the orientable (or nonorientable) closed surface of genus g such that G

Theorem 4. Given a pair of integers g and g with 0 ≤ g ≤ g, there is a quadrangulation G on the orientable (or nonorientable) closed surface of genus g such that G has genus (or nonorientable genus) g as a graph.
Constructions
First, we shall study conditions on the number of vertices and of edges in a triangulation on the sphere which can be embedded on a closed surface as a quadrangulation. The following formula is just an easy consequence of Euler's formula. We denote the Euler characteristic of a closed surface F 2 by χ(F 2 ).
Lemma 5. Let G be a triangulation on the sphere with V vertices and E edges. If G can be embedded on another closed surface F 2 as a quadrangulation, then we have:
From this, it follows that any triangulation on the sphere with an odd number of vertices cannot quadrangulate any closed surface. If a triangulation on the sphere with V vertices quadrangulates an orientable closed surface, then V ≡ 2 mod 4.
As is mentioned in the introduction, we have two triangulations on the sphere which quadrangulate the torus and the projective plane, respectively (see Figs. 1 and 2 ). Here we shall develop a method to generate our desired triangulations from them.
Branched covering construction
Let G be a graph with V (G) = {v 1 , . . . , v } which can be embedded on the sphere S 2 as a triangulation T and on another closed surface F 2 as a quadrangulation Q. Let t i and q i be the vertices in T and in Q, respectively, corresponding to v i . Suppose that there are simple arcs α on S 2 and β on F 2 with the following conditions: Cut open the sphere S 2 along α and take n copies of the resulting surface, say S 0 , . . . , S n−1 . Let α i and α i be the arcs joining t k and t h on S i such that α i ∪ α i forms the boundary of S i . Similarly, let F 0 , . . . , F n−1 be n copies of the surface obtained from F 2 by cutting it open along β, and let β 1 and β i denote the arcs in F i corresponding to β in F 2 for i ≡ 0, . . . , n − 1 mod n. Construct a closed surfaceS 2 n from S 0 , . . . , S n−1 by identifying α i and α i+1 , where the indices are taken modulo n. Similarly, construct a closed surfaceF 2 n from F 0 , . . . , F n−1 by identifying β i and β i+1 . Then, we can define two n-fold cyclic branched coverings p α :S 2 n → S 2 and p β :F 2 n → F 2 with branched sets
It is clear thatT n = p −1 α (T ) triangulates the sphereS 2 n whileQ n = p
n , and that bothT n andQ n are isomorphic to the same graph, sayG n . The surfaceF 2 n has the same orientability as F 2 and its Euler characteristic is equal to:
Condition (iii) guarantees thatG n is a simple graph. If it did not hold, thenG n would not be simple and would have n multiple edges between the two vertices corresponding to v k and v h . Let DW n denote the double wheel with rim of length n. That is, DW n consists of a cycle of length n and two other vertices each of which is adjacent to all vertices on the cycle. The double wheel can be embedded on the sphere uniquely as a triangulation. Note that the octahedron can be regarded as DW 4 .
Theorem 6. The double wheel DW 4n triangulates the sphere and quadrangulates the orientable closed surface of genus n. Fig. 1 presents a triangulation on the sphere and a quadrangulation on the torus both of which are isomorphic to DW 4 . (Identify each parallel pair of edges of the rectangle to obtain the torus.) The dotted arcs joining 0 to 3 in the figures can be taken as α and β for the branched covering construction. Thus, we can obtain a series of graphsG n which triangulate the sphere and quadrangulate the orientable closed surface with Euler characteristic 2 − 2n. It is easy to see thatG n is isomorphic to DW 4n .
Proof.
Theorem 7.
The double wheel DW 4n triangulates the sphere and quadrangulates the nonorientable closed surface of genus 2n.
Proof. From the rectangle in Fig. 1 by identifying the vertical pair of edges in parallel and the horizontal pair of edges in anti-parallel, we can obtain the Klein bottle which includes a quadrangular embedding of the octahedron. Take the same arcs as α and β in the previous proof and carry out the branched covering construction. Fig. 2 presents the two embeddings of K 4 , one of which is a triangulation on the sphere and the other is a quadrangulation on the projective plane. (Identify each pair of antipodal points on the boundary of the hexagon to get the projective plane.) If we neglect condition (iii), we can apply the branched covering construction to K 4 and obtain a series of graphs which admit triangular embeddings on the sphere and quadrangular embeddings on the nonorientable closed surfaces of not only even genus but also odd genus. However, those graphs will have multiple edges. The following method enables us to dispose of multiple edges.
Slit-flip sum
Let G 1 and G 2 be two graphs which can be embedded on the sphere as triangulations T 1 and T 2 , respectively, and suppose that G i can be embedded on a closed surface F 2 i as a quadrangulation Q i for i = 1, 2. Suppose the following conditions hold: 
It is clear that T 1 ‡T 2 and Q 1 ‡Q 2 are isomorphic to the same graph, say G 1 ‡G 2 .
The three vertices with labels 0, 1 and 5 form corners in both pictures in Fig. 1 and those with 1, 2 and 4 do in Fig. 2 Proof of Theorem 1. Let n ≥ 1 be a positive integer. Then DW 4n quadrangulates the orientable closed surface of genus n and the nonorientable one of genus 2n while DW 4n ‡K 4 quadrangulates the nonorientable closed surface of genus 2n + 1. The only case not covered by these is when the surface is the projective plane, which K 4 quadrangulates.
The previous construction suggests the following construction which deforms a given pair of a triangulation and a quadrangulation into another one on the same surfaces.
Compatible diagonal flip
Let G be a graph which can be embedded on the sphere as a triangulation T and on a closed surface F 2 as a quadrangulation Q. Suppose the following conditions hold: Replace the edge v 2 v 3 with a new edge v 1 v 4 . Then, we obtain a new graph G with a triangulation T on the sphere and a quadrangulation Q on F 2 which differ from T and Q, respectively, only in two faces incident to the flipped edges.
This operation for a triangulation is called a diagonal flip while the one for a quadrangulation is called a diagonal slide in a series of papers [1, [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
Let ∆ m denote a triangulation on the sphere obtained from a triangle uvw by adding a path ux 1 · · · x m of length m to its inside so that each x i is adjacent to both v and w. We call ∆ m the standard triangulation of the sphere. It is clear that flipping the edge vw to be ux m yields the double wheel DW m+1 . Proof. Since ∆ m has precisely m + 3 vertices, we must have m + 3 = 6 + 4k for some k ≥ 0 and hence m ≡ 3 mod 4 if it quadrangulates an orientable closed surface, by Lemma 5.
Conversely, we shall construct a quadrangulation with ∆ m for m = 4k + 3, as follows. First, look at Fig. 1 and find that the path 0453 satisfies the conditions (i) and (ii) for compatible diagonal flip. Flipping the edge 45 in each picture we obtain a triangulation on the sphere and a quadrangulation on the torus with ∆ 3 . Since 0453 does not cross the arcs α and β except their ends, we can apply this compatible diagonal flip to the pair of a triangulation and a quadrangulation with DW 4n given in Theorem 6. It is clear that the resulting graph is isomorphic to ∆ 4n−1 . Put k = n − 1. Proof. The necessity is clear by Lemma 5. Also we can construct a quadrangulation on a nonorientable closed surface with ∆ m for m = 4k +3 in the same way as in the proof of the previous theorem, using the Klein bottle instead of the torus. Furthermore, we can add K 4 to ∆ m by slit-flip sum, making a slit along the edge 03. The resulting graph is isomorphic to ∆ m+2 . This construction produces a series of ∆ m with m = 4k + 1.
Note that each of the graphs constructed above is not 5-connected since DW 4n , K 4 and ∆ m have vertices of degree 3 or 4.
It is well-known that any two triangulations on the sphere with the same number of vertices can be transformed into each other by a sequence of diagonal flips. (See [16] for example.) In other words, we can generate all triangulations on the sphere with n + 3 vertices from ∆ n by diagonal flips. Is it possible to generate all of the triangulations on the sphere which quadrangulate a fixed closed surface from ∆ 4n−1 or ∆ 2n+1 by compatible diagonal flips? The answer to this question is positive for the torus and the Klein bottle since the only triangulations on the sphere with six vertices are ∆ 3 and DW 4 , and is obvious for the projective plane since only K 4 quadrangulates it.
Proof of Theorem 3. We shall prove the theorem only for the orientable closed surfaces since the same argument works for the nonorientable one without essential changes.
Put g = g − g . By Theorem 6, there is a quadrangulation Q on the orientable closed surface of genus g such that Q can be embedded on the sphere as a triangulation T . On the other hand, it is easy to construct a triangulation T on the orientable closed surface of genus g so that T has minimum degree at least 5.
Let T ‡T and Q ‡T be the graphs obtained as a slit-flips sum of T with T and that of Q with T , respectively. Then they are isomorphic to each other and have genus g as graphs since T ‡T is embedded on the orientable closed surface of genus g as a triangulation. On the other hand, Q ‡T is embedded on the orientable closed surface of genus g with triangular and quadrangular faces. Let G be the triangulation obtained from Q ‡T by adding a vertex of degree 4 to each of its quadrangular faces. This G is the desired one with G (5) = Q ‡T .
Proof of Theorem 4.
It is easy to construct a quadrangulation Q on the orientable closed surface of genus g such that Q has genus exactly g as a graph. Use Q instead of T in the previous proof. Then a slit-flip sum Q of Q and Q is the desired one. This is a quadrangulation on the orientable closed surface of genus g and can be embedded on that of genus g as a slit-flip sum T ‡Q . It is clear that T ‡Q has genus g and so has Q since Q is a minor of T ‡Q .
Rhombus covers of triangulations
Let G be a triangulation on a closed surface which can be embedded on another closed surface as a quadrangulation. Let C = {C 1 , C 2 , . . .} be the family of cycles of length 4 in G each of which corresponds to the boundary cycle of a face in a fixed quadrangular embedding of G. Then C is what is called a cycle double cover of G. That is, each edge of G is contained in exactly two distinct cycles of C. Since each cycle in C has length 4, we call it a double 4-cycle cover.
We call a cycle C i ∈ C a rhombus if it bounds a quadrilateral region obtained as a union of two triangular faces of G, and C a rhombus cover of G if all cycles in C are rhombi. In particular, if G is a 5-connected triangulation on the sphere, then any double 4-cycle cover of G must be a rhombus cover. It is clear that a rhombus cover of G corresponds to a quadrangular embedding of G on a closed surface if and only if the rhombi incident to each vertex v ∈ V (G) induce a cyclic order over the neighbors of v, which corresponds to the rotation around v in the quadrangulation on the surface.
Let G be a triangulation on a closed surface, except K 4 on the sphere. For a double 4-cycle cover C = {C 1 , C 2 , . . .}, we define a graph R C as follows and call it the rhombus cover graph of C. Let G * denote the dual of G on the surface where G is embedded as a triangulation and set V (R C ) = V (G * ). Join a pair of vertices f 1 and f 2 ∈ V (R C ) by an edge whenever the two faces corresponding to f 1 and f 2 form a quadrilateral region bounded by a rhombus C i ∈ C. Since G * is a 3-regular graph, each vertex of R C has degree 0, 1, 2 or 3. It is straightforward to prove the following lemma: By this lemma, there are two types of rhombus covers of G; either R C consists of only vertices of degree 0 and 2, or of degree 1 and 3. Call the former an even type and the latter an odd type. Similarly, a rhombus cover C is said to be of even type (or odd type) if R C is even (or odd).
It is easy to see that if a spanning subgraph R of G * satisfies the conditions (i) and (iii), or (ii) and (iv), then R induces a rhombus cover of G, which might not correspond to a quadrangular embedding of G in general. Furthermore, the complement of R in G * , say R, also satisfies them and its type is different from R. Therefore, we have: Here, we shall show an easy application of our arguments on rhombus covers: 
for the four vertices around v i . This implies that
for the four vertices around v i+1 . Continuing this argument, we can find that it has period 4 and hence the rhombus cover is completed if and only if n is a multiple of 4.
Note that the quadrangular embedding of the octahedron DW 4 on the torus given in Fig. 1 induces a rhombus cover of even type while the quadrangular embeddings of DW 4n (n ≥ 2) on orientable closed surfaces constructed by branched covering construction in Theorem 6 do not induce rhombus covers; the cycle corresponding to 0132 forms a 4-cut in DW 4n and is not a rhombus. On the other hand, the quadrangular embeddings of DW 4n (n ≥ 1) on nonorientable closed surfaces given in Theorem 7 induce rhombus covers of odd type. Now, we shall discuss obstruction for a triangulation on a closed surface to be a quadrangulation on another closed surface, applying the above arguments.
Lemma 14. Let G be a triangulation on a closed surface F 2 , except K 4 , ∆ 3 and DW 4 on the sphere. Then any rhombus cover of even type does not correspond to a quadrangular embedding of G.
Proof. Let ∆ = ∆(G) denote the maximum degree of G and V i the number of vertices of degree i in G. It is well-known that i≥3 (6 − i )V i = 6χ(F 2 ). This implies that if ∆ ≤ 4, then G is embedded on the sphere with |V (G)| ≤ 6 and hence G is isomorphic to one of the three exceptions in the lemma or to ∆ 2 . The latter, however, consists of five vertices and admits no quadrangular embedding. Hence we can omit it here.
Therefore, there is a vertex of degree ∆ ≥ 5, say v. Let v 1 , . . . , v ∆ be the neighbors of v lying around it in this cyclic order and let f i denote the vertex of G * placed in the face vv i v i+1 of G. Suppose that there is a quadrangular embedding of G which induces a rhombus cover C of G of even type and let R = R C be the rhombus cover graph of C.
It is clear that at most one of f 1 , . . . , f ∆ has degree 0 in R; otherwise, the rotation derived by C would have two or more orbits around v. Thus, we may assume that deg R f 1 = · · · = deg R f ∆−1 = 2. Then the three rhombi corresponding to edges f i f i+1 , f i+1 f i+2 and f i+2 f i+3 of R induce one orbit of the rotation around v i+2 for i = 1, . . . , ∆ − 4. This implies that v i+2 has degree 3 in G. If ∆ ≥ 6, then two vertices of degree 3 are adjacent in G, which is impossible unless G is the tetrahedron K 4 . Thus, this is not the case.
On the other hand, if ∆ = 5, then deg G v 3 = 3 and the vertex of G * in the face v 2 v 3 v 4 has degree 0 in R. In this case, both v 2 and v 4 must have degree 4 or 5 in G and it is easy to see that they cannot have the same degree. Thus, we may assume that deg G v 4 = 5, up to symmetry. The same arguments around v 4 as above forces v 5 to have degree 3 in G and we can conclude that G is isomorphic to ∆ 3 , which is one of the exceptions. Therefore, there is no quadrangular embedding of G corresponding to a rhombus cover of even type unless G is isomorphic to one of the three exceptions.
Note that each of the three exceptions K 4 , ∆ 3 and DW 4 has a unique rhombus cover of even type which corresponds to a quadrangular embedding.
Lemma 15. Any rhombus cover of G of odd type corresponds to a quadrangular embedding of G on a nonorientable closed surface.
Proof. Let v be any vertex of G with its neighbors v 0 , . . . , v n−1 surrounding it in this cyclic order modulo n and let f i denote the vertex of G * placed in the face vv i v i+1 . Let C be a rhombus cover of G of odd type and consider the rotation around v induced by C.
If f i has degree 3 in R C , then the three rhombi in C covering f i induce a segment of the rotation around v as
If f i has degree 1 and both f i−1 and f i+1 also have degree 1 in R C , then the rhombus in C covering f i induces a segment of the rotation around v simply as
It is clear that these segments form one orbit over the neighbors of v. Thus, C corresponds to a quadrangular embedding of G.
Let Q be the quadrangulation on a closed surface F 2 corresponding to C. Consider a vertex f i of degree 3 in R C and three rhombi vv i−1 v i v i+1 , vv i xv i+1 and vv i v i+1 v i+2 covering f i , again. It is easy to see that the union of the faces of Q bounded by these three rhombi is a Möbius band. Thus, F 2 is nonorientable.
Using Lemmas 14 and 15, we can prove Theorem 2 easily as follows:
Proof of Theorem 2. If a 5-connected triangulation G on the sphere admits a quadrangular embedding of another closed surface, then G has a rhombus cover corresponding to such an embedding. The rhombus cover must be of odd type by Lemma 14 and hence the surface that G quadrangulates must be nonorientable by Lemma 15.
Let K be a connected graph. A spanning subgraph F of G is called a K -factor if each component of F is isomorphic to K . Clearly, the rhombus cover graph R C of odd type is a K 1,3 -factor of the dual G * of a triangulation G on a closed surface. The following corollary is an immediate consequence of the above lemma.
Corollary 16. If the dual of a triangulation G on a closed surface has a K 1,3 -factor, then G admits a quadrangular embedding on a nonorientable closed surface.
Let H be the graph obtained from G by deleting the edges dual to a K 1,3 -factor of G * . Then H is embedded on the same surface as G is embedded so that each face is bounded by a cycle of length 6, say v 1 v 2 v 3 v 4 v 5 v 6 , and three edges v 1 v 3 , v 3 v 5 and v 5 v 1 of G subdivide it into four triangles. Attach a crosscap to each hexagonal face of H and place the three edges so that they subdivide the crosscap into three rectangular faces, as shown in Fig. 3 , 
Theorem 17. If a triangulation on a closed surface contains an icosahedral part, then it cannot be embedded on any closed surface as a quadrangulation.
Proof. Let G be a triangulation on a closed surface which contains an icosahedral part. Let C = {C 1 , C 2 , . . .} be a double 4-cycle cover of G which is derived from a quadrangular embedding of G on another closed surface. Consider the rhombus cover graph R = R C of C within the icosahedral part.
Let First, suppose that R is of even type within the icosahedral part. It is obvious that at most one of f 0 , . . . , f 4 has degree 0 in R. Thus, we may assume that deg R f i = 2 for i = 0. In this case, there are edges f 1 f 2 , f 2 f 3 and f 3 f 4 in R and the three rhombi in C corresponding to these edges induce the cyclic order (x, v 2 , v 4 ) around v 3 , which is contrary to the rotation around v 3 in the quadrangular embedding of G.
Secondly, suppose that R is of odd type. It is obvious that at most one of f 0 , . . . , f 4 has degree 3 in R. Thus, we may assume that deg R f i = 1 for i = 0 and that there are edges f 2 a 2 and f 3 a 3 in R. In this case, two vertices a 2 and a 3 must have degree 3 in R, which implies that the edges v 3 u 2 and v 3 u 3 of G would be covered by three rhombi in C, a contradiction.
Therefore, G cannot have any double 4-cycle cover derived from a quadrangular embedding and hence it cannot quadrangulate any closed surface.
Since the icosahedron contains an icosahedral part of course, we have: Corollary 18. The icosahedron cannot be embedded on any closed surface as a quadrangulation.
Corollary 19. If a triangulation on a closed surface contains an icosahedral part, then it has no rhombus cover.
Proof. If it has a rhombus cover, then there is a rhombus cover of odd type. We can follow the previous proof of Theorem 17 for this corollary, skipping the argument for R of even type.
5-Connected triangulations
Any cycle of length 4 in a 5-connected triangulation on the sphere must be a rhombus since it cannot form a 4-cut. Thus, we can use our theory developed in the previous section to analyze the possibility for a 5-connected triangulation on the sphere to quadrangulate another closed surface.
Theorem 20. A 5-connected triangulation G on the sphere quadrangulates another closed surface if and only if its dual has a K 1,3 -factor.
Proof. Let G be a 5-connected triangulation on the sphere. By Lemmas 14 and 15, it is clear that G quadrangulates another closed surface if and only if it has a rhombus cover of odd type. Since the rhombus cover graph R C is a K 1,3 -factor of G * and since any K 1,3 -factor of G * induces a rhombus cover of odd type, the theorem follows.
Since any K 1,3 -factor of the dual of a triangulation corresponds to a quadrangulation on a nonorientable closed surface by Lemma 15, any 5-connected triangulation on the sphere cannot be embedded on an orientable closed surface as a quadrangulation, as stated as Theorem 2. On the other hand, it is easy to construct those 5-connected triangulations that have quadrangular embeddings on nonorientable closed surfaces, based on Theorem 20.
Theorem 21. Every 5-connected triangulation on the sphere which quadrangulates a nonorientable closed surface can be constructed as follows:
(i) Take a graph H embedded on the sphere so that each face is bounded by a cycle of length 6, and
Proof. Let G be a 5-connected triangulation on the sphere which quadrangulates a nonorientable closed surface. By Theorem 20, the dual of G has a K 1,3 -factor F corresponding to the quadrangular embedding. Erase the edges of G dual to edges of F to unify four faces covered by each component of F. Then each face of the resulting graph H is bounded by a cycle of length 6. The theorem just describes the reverse process.
To make the resulting triangulation G 5-connected we need to control the structure of H and the way to subdivide it. For example, if we take a 5-connected triangulation with each edge subdivided by its middle point as H and add edges joining those middle points, then G will be 5-connected.
Theorem 22. If a 5-connected triangulation on the sphere quadrangulates a nonorientable closed surface, then the surface has genus at least 10.
Proof. Let G be a 5-connected triangulation on the sphere which quadrangulates a nonorientable closed surface F 2 and let H be the graph described in Theorem 21, which can be regarded as a spanning subgraph of G. That is, H is a graph embedded on the sphere so that each face is bounded by a cycle of length 6 and is subdivided into four triangular faces by three edges of G. We call this H the frame of G. Suppose that F 2 has genus less than 10, that is, χ(F 2 ) ≥ −7. Then, we have V = |V (G)| ≤ 20 by Lemma 5. Let V i denote the number of vertices of degree i in G and H j the number of vertices of degree j in H . Since G is 5-connected, V i = 0 for i ≤ 4 and H j = 0 for j ≤ 1, and we have V = i≥5 V i = j ≥2 H j . Using Euler's formula and Hand-Shaking Lemma, we can prove the following equalities:
To simplify our notations in this proof, we say that a vertex v is of framed degree (x, y)
Then, y ≡ 0 mod 2 and y ≤ 2x by the definition of H . In particular, if v is a vertex of framed degree (2, y), then y must be 4. We call such a vertex of degree 6 a flat vertex. Thus, the number of flat vertices is equal to H 2 .
Let d and h denote the number of vertices of framed degree (4, 2) and (6, 0), respectively. Then we have:
Combining these formulas we obtain the following equality:
Under the assumption of V ≤ 20, we have i≥8 V i = 0 and j ≥6 H j = 0 since (i − 5) ≥ 3 and ( j − 3) ≥ 3, and hence h = 0. Substituting these, we obtain:
By Lemma 5, V must be an even number. The following table presents all possible values that satisfy these equalities with d ≤ H 4 . However, we shall show that each case leads to a contradiction, discussing local configurations of vertices. (2) . Since Since w i cannot be a flat vertex under this situation, w i must be of framed degree (3, 2) and this implies that z i+1 = x i and y i+1 = y i with subscripts taken modulo 5. Then the whole triangulation has been completed and has 22 vertices, contrary to the assumption of V . Case (5) . Since H 4 = H 5 = 0, any vertex of degree 6 in G must be flat and any vertex of degree 5 in G must have framed degree (3, 2) . Let v be any vertex of degree 5 with neighbors v 0 , . . . , v 4 around it in this cyclic order. We may assume that there is a hexagonal face vv 1 v 2 xv 3 v 4 of H with diagonals vv 2 , vv 3 and v 2 v 3 . Since v 1 cannot be a flat vertex, v 1 must be of framed degree (3, 2) and it follows that v 2 is a flat vertex. Similarly, v 4 is of framed degree (3, 2) and v 3 is a flat vertex. These imply that at least four edges of H are incident to x, which contradicts that H 4 = H 5 = 0.
We have shown contradictions for all cases under V ≤ 20. Since V should be an even number, we have V ≥ 22. 
Subdivide the former into four triangular faces with diagonals v Fig. 4 . This deformation increases the number of hexagonal faces of H by one. Let G n denote the resulting triangulation on the sphere. By Theorem 21, G n quadrangulates the nonorientable closed surface of genus 2n + 1 and is 5-connected.
We can prove that there does not exist a 5-connected triangulation on the sphere which quadrangulates the nonorientable closed surface of genus 11, with more detailed arguments similar to the proof of Theorem 22. Furthermore, the triangulation G 5 given in the previous proof is a unique 5-connected triangulation on the sphere which quadrangulates the nonorientable closed surface of genus 10. The proof for these facts will be found in [15] .
Directions of further study
Our arguments in the previous section motivate a more general study as follows. An embedding of a graph G on a closed surface is said to be r -gonal if each face is bounded by a cycle of length r . The goal is to construct a graph which has an r -gonal embedding on a suitable closed surface for two distinct values of r . Such a graph G and the values of r must satisfy the following conditions at least, which can be proved easily by Euler's formula: Substituting χ 1 = 2, χ 2 = 2 − 2g, r 1 = 3 and r 2 = r into the above formula, we have:
Thus, if a triangulation G on the sphere can be embedded r -gonally on an orientable closed surface F 2 , then 3g ≡ 0 mod r − 3 for the genus g of F 2 . In particular, if G admits a pentagonal embedding on F 2 with r = 5, then g must be an even number, say 2n, and hence V = 5n + 2. For example, the icosahedron admits a pentagonal embedding on the orientable closed surface of genus 4 so that the link of each vertex bounds a pentagonal face. However, none of the branched covering construction, slit-flip sum and compatible diagonal flips can be applied to this example. Substituting χ 1 = 2, χ 2 = 2 − 2g, r 1 = 4, r 2 = 6 in the formula for V in Lemma 24, we have V = 2 + 6g and no algebraic restriction in turn. Actually, we can construct a quadrangulation on the sphere which admits a hexagonal embedding on an orientable closed surface for any g ≥ 1. Fig. 5 presents the cube Q 3 embedded on the sphere as a quadrangulation. Consider the clockwise rotation around each black vertex and the anticlockwise rotation around each white vertex. These rotations yield a hexagonal embedding of Q 3 on the torus. We can apply branched covering construction to this cube Q 3 with arcs α and β joining vertices labeled 0 and 6 and crossing the edge 15.
The general problem is to determine all possible pairs (r 1 , r 2 ) for each pair of distinct closed surfaces (F 2 1 , F 2 2 ) such that a graph can be embedded r i -gonally on F 2 i for i = 1, 2. For example, can a triangulation on the sphere have an r -gonal embedding for arbitrarily large r ?
